Our main goal is to analyze the geometric and spectral properties of the Picard modular group with Gaussian integer entries acting on the two-dimensional complex hyperbolic space.
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O
ur main goal is to analyze the geometric and spectral properties of the Picard modular group ⌫ ϵ SU(2, 1; Z[i]) acting on the complex hyperbolic space CH 2 . The complex hyperbolic space CH n is the rank one Hermitian symmetric space of noncompact type, SU(n, 1)͞S(U(1) ϫ U(n)). A standard model of the complex hyperbolic space is the complex unit ball B n ϭ {z ʦ C n ; ͉z͉ Ͻ 1} with the Bergman metric g ϭ ͚ j,kϭ1 n g j,k (z)dz j R dz k , where g j,k ϭ const⅐Ѩ j Ѩ k log(1 Ϫ ͉z͉ 2 ). This model is the bounded realization of the Hermitian symmetric space CH n . We shall use mainly the unbounded hyperquadric model of the complex hyperbolic space, that is D n ϭ {z ʦ C n ; Geometric and spectral properties of lattices in symmetric spaces attracted much attention during the last decades. Although remarkable progress has been achieved, several important problems related to arithmeticity, existence of embedded eigenvalues in the continuous spectrum, etc. are still open. The general structure of a fundamental domain for lattices is well known since the work of Garland and Raghunathan (2), for example. However, there are very few fundamental domains known completely explicitly. This statement is especially true for complex hyperbolic spaces. The case of complex hyperbolic spaces is a particularly difficult case. This phenomenon is well known since the work of Mostow (3) . Recently, very strong progress has been made in constructing explicit fundamental domains for discrete subgroups of complex hyperbolic spaces; see, for example, the work of Cohn (4), Holzapfel (1, 5), Goldman (6), Goldman and Parker (7), Falbel and Parker (8, 9), Schwartz (10) , and Francsics and Lax (11, 12) . However, explicit fundamental domains do not seem to be known in the literature for the Picard modular groups, except in the case d ϭ 3 (see the comment on p. 2 of ref. 9). Moreover, very little is known about the spectral properties of the automorphic complex hyperbolic Laplace-Beltrami operator; see the work of Epstein et al. (13) , Reznikov (14) , and Lindenstrauss and Venkatesh (15) .
The holomorphic automorphism group of
. . , n. These automorphisms act linearly in homogeneous coordinates 0 , . . . , n , z j ϭ j ͞ 0 , j ϭ 1, . . . , n. The corre-
where
and I nϪ1 is the (n Ϫ 1) ϫ (n Ϫ 1) identity matrix. The determinant of the matrix A is normalized to be equal to 1. The matrix C is the matrix of the quadratic form of the defining function of D n written in homogeneous coordinates. Three important classes of holomorphic automorphisms are Heisenberg translations, dilations, and rotations. The Heisenberg trans-
will also play a significant role.
In a metric space (X, d), the subset S ʚ X is a Siegel set for an isometry group G of X if (i) for all x ʦ X there is g ʦ G such that gx ʦ S, and (ii) the set {g ʦ G; g(S) പ S } is finite. Let S 1/4 be the set
ͮ .
[2]
We introduce horospherical coordinates
Then the complex hyperbolic Laplace-Beltrami operator in horospherical coordinates is given by
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We will use the notation
for the invariant L 2 -integral, and D F for the corresponding invariant Dirichlet integral.
Statement of the Results
Our first result is a semiexplicit fundamental domain for the Picard modular group with Gaussian integers. . Then the set
is a fundamental domain of the Picard modular group with Gaussian integers. At this point the transformations H 2 , . . . , H N are not known explicitly; moreover, not all of them are necessary for defining the fundamental domain F. However, this form of the fundamental domain is already useful for obtaining important geometric and spectral properties.
Three important geometric properties of the fundamental domain F are stated in the following theorem. 
Therefore, the fundamental domain F is invariant under the involutive transformation
(
ii) The two-dimensional edge of the fundamental domain F at z 1 ϭ 0 is identical to the standard fundamental domain for the modular group. (iii) The fundamental domain F has a product structure near infinity, that is
for large a Ͼ 0.
We exploit the involutive transformation S to obtain spectral information on the Laplace operator of the Picard modular group ⌫ in the next theorem. We recall that the continuous spectrum of the Laplace-Beltrami operator ⌬ ⌫ is (n 2 ͞4, ϱ), and an eigenvalue in the continuous spectrum is called embedded eigenvalue or Maass cusp form.
Theorem 3. The invariance of the fundamental domain F under the transformation S in Theorem 2 implies the existence of infinitely many embedded eigenvalues in the continuous spectrum of the associated automorphic complex hyperbolic LaplaceBeltrami operator.
Our next goal is to determine a completely explicit fundamental domain for the Picard modular group ⌫ based on Theorem 1. In the next theorem we obtain a surprisingly simple description of F in terms of boundary-defining functions.
Theorem 4. A fundamental domain for the Picard modular group is
Theorem 5 contains more precise description of the structure of the fundamental domain F. 
4-7, such that the set
is a fundamental domain of the Picard modular group acting on the complex hyperbolic space CH 2 . All eight transformations are needed. The holomorphic transformations G 1 , . . . , G 8 can be described as follows.
There are four transformations with dilation parameter 1 as follows:
with r ϭ Ϫ1, 0, 1.
There are four transformations with dilation parameter ͌ 2 as follows:
and
where r ϭ Ϫ1, 1. The precise definition of the holomorphic automorphisms P, J, N, A, and M is described in the introduction. We mention that the inequalities in the description of F in Theorem 4 are simplified explicit versions of the inequalities
of Theorem 5.
Outline of the Method
The main building block in our fundamental domain construction is the Siegel set S 
is a fundamental domain for the Picard modular group acting on the complex hyperbolic space CH 2 . At this point, the transformations H j , j ϭ 2, . . . , N are not known explicitly; moreover, not all of them contribute to the fundamental domain F.
The key observation in obtaining the spectral properties of ⌬ ⌫ is that the transformation S splits the space of L 2 automorphic functions into even and odd automorphic functions with respect to the transformation S. One can prove that the resolvent of ⌬ ⌫ is compact on the space of odd automorphic functions. This step uses a Poincaré inequality in the x-variables. Near infinity the fundamental domain has a compact cross section; that is, the cross section written in horospherical coordinates, K a ϭ F പ {y ϭ a}, is compact for large a Ͼ 0. The Poincaré inequality is applied on the cross section K a .
The basic idea of the explicit construction in Theorems 4 and 5 can be described easily.
Let F 1 ϵ S(L) പ {z ʦ C 2 ; ͉z 2 ͉ Ն 1} ϵ S(L) പ {z ʦ C 2 ; ͉ det HЈ 1 (z)͉ 2 Յ 1}. Clearly, F ʚ F 1 . We will prove that if H is one of the transformations H 2 , . . . , H N in the description of F in Eq. 3 then either (1) ͉det HЈ(z)͉ Յ 1 for all z ʦ F 1 ; or (2) there is a transformation G j , j ϭ 2, . . . , 8 appearing in Eqs.
5-7 such that
͉det HЈ͑z͉͒ Յ ͉det GЈ j ͑z͉͒, for all z ʦ F 1 . In either case, the transformation H does not contribute to the fundamental domain F.
